This paper presents a novel regular Quasi-Cyclic (QC) Low Density Parity Check (LDPC) codes with columnweight three and girth at least eight. These are designed on the basis of combinatorial design in which subsets applied for the construction of circulant matrices are determined by a particular subset. Considering the nonexistence of cycles four and six in the structure of the parity check matrix, a bound for their minimum weight is proposed. The simulations conducted confirm that without applying a masking technique, the newly implemented codes have a performance similar to or better than other well-known codes. This is evident in the waterfall region, while their error floor at very low Bit Error Rate (BER) is expected.
Introduction
Quasi-Cyclic Low-Density Parity Check (QC-LDPC) codes are introduced as a class of structured-type LDPC codes, which are practically applied to the current and next generation of broadband networks. This is because of their less complex encoding and high error-correcting capability formed by a parallel decoding structure. Like other types of LDPC codes, the existence of small trapping sets dominates iterative decoding performance of QC-LDPC codes over the Additive White Gaussian Noise (AWGN) channel at the error floor region. It is well-known that the small size of a trapping set is directly related to the girth of the code. Hence, in order to mitigate the effect of the error floor, the design of a code with large girth and a relatively high minimum weight is recommended.
In general, QC-LDPC codes are designed with girth six. A masking technique is applied on their parity check matrix to prohibit cycle six and form codes with the girth at least eight. This is conventionally applied on the parity check matrix constituted by Circulant Permutation Matrices (CPMs) [1, 2] .
Similarly, several circulant matrices are used to construct a high performance QC-LDPC code with a shorter length in the waterfall region. This is obtained with the squashing process, which is accomplished on the constructed parity check matrix to achieve girth eight for the QC-LDPC code [3] .
Zhang et al. proposed a method for the construction of codes with girth six, whose parity check matrix is formed by two rows of circulant matrices [4] . This work is extended to present criteria for determining codes' parameters, such as rate and length, based on the utilised number of rows and columns of the parity check matrix. An exhaustive search algorithm was also proposed for determining the shortest possible length of regular QC-LDPC codes with girth eight. The algorithm is applied for CPM-based parity check matrices having symmetry in their structure [5] .
QC-LDPC codes with large girth and relatively high minimum weight are obtained by Cyclic Difference Families sets (CDFs) in which every specific number of elements defined in the subsets of a group occurs only once [6] . The non-binary shape of these codes with long length and high girth is constructed by using the Singer perfect difference set concept [7] . The parity check matrix of these codes can be modified to demonstrate short-length QC-LDPC codes either in binary or non-binary format with girth eight [8] . In this case, codes with a girth greater than six are designed by parity check matrices with column-weight two. For parity check matrices with column-weight three, their girth is limited to six. Constituent circulant matrices of the parity check matrix with girth six can be designed by using combinatorial design. This means that elements of a subset are determined on the basis of elements of the previous subset. In addition, subsets are defined such that the difference between every two elements of a subset is unique with all other differences [9] . In comparison with codes formed by CDFs, combinatorial design-based codes have more flexibility in their structure as it is not necessary to have the difference of two elements as an element of the subset. This paper presents a method for constructing combinatorial designbased regular QC-LDPC codes with girth at least eight. The parity check matrix of these codes has column-weight three and is formed by two rows of circulant matrices. In addition to the condition given in Ref. [9] , which defines subsets without cycle four, other criteria are applied for the subsets, aiming to remove cycle six from the Tanner graph of the parity check matrix. Based on these specifications, newly designed codes have a high performance in the waterfall region. Moreover, our analysis reveals that codes have a relatively high minimum weight. As a result, it is expected that their error floor occurs at a very low Bit Error Rate (BER). This is confirmed by number of simulations conducted on codes with different rates.
The rest of the paper is organized as follows: Section 2 presents subsets which are applied in the construction of circulant matrices. It demonstrates how elements of subsets are selected to prohibit short cycles in the Tanner graph of the parity check matrix. Section 3 explains the structure of QC-LDPC codes with girth at least eight and also represents a bound for determining the minimum weight of the codes. Section 4 gives the simulation results of the designed codes and their comparison with similar ones. Finally, Section 5 summarizes the paper.
Structure of subsets with the unique difference between elements
For given n 2 ℕ, we define subsets S i ⊂ℕ [ f0g, 1 i n, by strictly increasing sequences fα i;j g 1 j 2 , which satisfy the following conditions: 1) α 1;1 2 Z and α 1;2 2 Z. For 2 i n, we choose m 2 ℕ=f1g, r 2 Z=f0g with m > r such that α i;2 ¼ mα iÀ1;2 À r:
(1)
In addition,
We also define subsets A i1 ⊂ℕ [ f0g, 1 i 1 n, by fβ i1 g, which satisfy the following conditions:
2) β i1 2 Z and for 2 i 1 n we choose q 2 ℕ n f1g, d 2 ℤ n f0g with q > d such that
3) For every 1 i n, 1 i 1 n,
Based on the above-mentioned subsets, an additive group Z ν ¼ f0; 1; ⋯; ν À 1g is defined in such a way that 3ðα i;2 À α i;1 Þ ν 6 ¼ ν for all 1 i n. In addition, for all 1 i n and 1 i 1 n, ðα i;2 À α i;1 Þ ν and ðAEβ i1 Þ ν are repeated only once in this group and ν is the smallest value, which satisfies the above conditions. For example, consider subsets
The second elements of S 2 and S 3 are obtained from S 1 , when m ¼ 2 and r ¼ À4 are applied in (1). Similarly, A 2 and A 3 are formed from A 1 by using q ¼ 2 and d ¼ 1 in (3). For these subsets,
, which give sets of differences between elements of S 1 , S 2 , S 3 , A 1 , A 2 and A 3 , respectively. It is concluded that the difference between any two elements of a subset is unique, with other differences obtained from other subsets.
Structure of QC-LDPC codes with girth at least 8
Let c be an even value greater than 2, C i and I i , 1 i c be ℓ Â ℓ circulant matrices with column-weight two and one, respectively. For odd values of c 2 , the parity check matrix of a ðcℓ; ðc À 2ÞℓÞ QC-LDPC code with rate R ¼ ðcÀ2Þ c is constructed in the following form:
Similarly, for even values of c 2 , this matrix is given by:
Positions of 1 in the zeroth row of each circulant matrix will be elements of a subset satisfying conditions represented in Section 2, 1 where ℓ ¼ ν and c ¼ n. By ℓ À 1 cyclic shifts of the zeroth row, other rows of the circulant matrix will be formed. In the constructed parity check matrix, the difference between positions of 1 in a circulant matrix is different from other differences obtained from other circulant matrices. This means that there would not be any two rows or columns in H having more than one 1 in common [9] . As a result, the given parity check matrix is free of cycle four. In addition, in each of column-weight two circulant matrices, positions of 1 are selected so that their difference multiplied by the value of three is not equal to the value of ℓ. This guarantees that circulant matrices designed with the above conditions are free of cycle six [10] .
A cycle six can be obtained, when a combination of circulant matrices positioned in two different columns of H is considered. For instance, consider I X and C A as column-weight one and column-weight two circulant matrices positioned in a column of H. These can be combined with two other circulant matrices, i.e. I Y and C B , located at another column of H to form a 4ℓ Â 4ℓ submatrix of H. Let x and y be the position of 1 in the zeroth row of I X and I Y , respectively. Positions of 1 in the zeroth row of C A and C B are indicated by fa 1 ; a 2 g and fb 1 ; b 2 g, respectively.
By ðℓ À y þ b 1 Þ ℓ cyclic shifts of the zeroth row of I Y , ðℓ À y þ b 1 Þ ℓ th row of this matrix has a 1 at the b 1 th column. With equal number of shifts, the ðℓ À y þ b 1 Þth row of I X has a 1 at the ðℓ À y þ b 1 Þ þ xth column. By ðb 2 À b 1 Þ cyclic shifts of the zeroth row of C A , the ðb 2 À b 1 Þth row of the matrix has a 1 in the b 2 th column. This row of C B is represented as the ℓ þ ðb 2 À b 1 Þ ℓ th row of H. Similarly, by ðb 2 À b 1 Þ þ a 1 cyclic shifts of the zeroth row of C A , its ðb 2 À b 1 Þ þ a 1 th row has a 1 at the ðb 2 À b 1 Þ þ a 1 th column. A cycle six is obtained when the ðb 2 À b 1 Þ þ a 1 th and ðℓ À y þ b 1 Þ þ x th columns of C A and I X are interpreted as one column in H. The above analysis can also be used when ðb 2 À b 1 Þ þ a 2 shifts in C A is considered. In this case, cycle six is made when ðℓ À y þ b 1 Þ ℓ and ðb 2 À b 1 þ a 2 À xÞ ℓ represent one column of H. Therefore, H is free of cycle six based on the following conditions: 
On the other hand, by 15 cyclic shifts of the zeroth row of I X , the 15th row of the matrix has a 1 at the 43rd column. Therefore, at three different rows of H, every two rows have one 1 in common, which is different from two other 1 positions. This concludes a cycle six in H. By the same argument, there are other combinations of circulant matrices, which form a cycle six in the parity check matrix. Cycle six can also be obtained from circulant matrices positioned in three different columns of H. Table 1 gives the possibilities of the cycle six and their correspondence conditions. In this table, C E represents a column-weight two circulant matrix, whose zeroth row has 1 in e 1 and e 2 positions.
In order to have a parity check matrix with girth eight, it is necessary that constituent circulant matrices satisfy conditions given in Section 2. First, circulant matrices with column weight 2 without cycles four and six are formed. Then, circulant matrices with column weight 1 are constructed, which also satisfy conditions given in Section 2 and prohibit the existence of cycle six in H. Steps for constructing such a parity check matrix are given in Algorithm 2.
Algorithm 1 Procedure for construction of parity check matrix with girth eight.
For arbitrary values of m and r, determine subsets S i , 1 i c, which satisfy conditions mentioned in Section 2. 3 Construct column-weight-two circulant matrices (C i s, 1 i c) from S i s. 4 i 1 ¼ 1 and three arbitrary integer values for β 1 , q and d. Table 1 , t → t þ 1 and repeat the algorithm from Step 8.
10 If the combination of all I x s, 1 i i 1 s with C i s, 1 i c does not satisfy all conditions of Table 1 , tt ¼ t and β i1 ¼ β t . 11 If i 1 < c, repeat the algorithm from Step 5. Otherwise, stop the algorithm. Table 2 gives the details of subsets applied for the construction of the parity check matrix of QC-LDPC codes with girth eight and rates 1 2 and 2 3 .
As expected, for the fixed value of ℓ, the complexity in the design of H is proportional to the number of circulant matrices. It is possible to consider a common element for S i s, 1 i c, while the second element of the subsets is determined by ð1Þ. In addition, the number of A i1 s can be determined by particular values of q and d, which are different from those considered for the rest of column-weight one circulant matrices.
A bound for the minimum weight of proposed codes
The constructed parity check matrix can be considered as two submatrices. The first 2ℓ Â ðc À 2Þℓ submatrix corresponds to message bits, whereas the second one with size 2ℓ Â 2ℓ is relevant to parity bits. Each of the 2ℓ Â 2ℓ matrices obtained from the first submatrix can be combined with the second submatrix to demonstrate a parity check matrix for the half rate ð4ℓ; 2ℓÞ QC-LDPC code. Let W Þ as the lowest weight of these codes based on the fixed weight w in . The minimum weight of ðcℓ; ðc À 2ÞℓÞ QC-LDPC code is upper bounded by:
The constructed H has three 1s in its columns. Hence, a set of low weights of designed codes is obtained from three checksums of a message bit with parity bit 1's. Based on girth eight, some conditions should be considered in checksums of each message bit. Fig. 2(a) shows a possibility of cycle six, when positions of 1s in two rows of the matrix are related to the checksum of the message bit ðM 0 Þ with two parity bits ðP 0 and P 1 Þ. In this figure, columns are labeled by the message and parity bits applied in the checksums. In order to have a cycle six, P 0 and P 1 should be multiplied by the common 1 located at the second submatrix of H, which concludes P 0 þ P 1 ¼ 0. As H does not have cycle six, parity bit 1's involved in checksums of the message bit will not form a checksum with each other. Alternatively, a cycle six is obtained when checksums of two message bits have two parity bits in common. Fig. 2(b) shows the possibility of this cycle. Since H is free of the cycle six and differences between the positions of 1s in the zeroth row of each circulant matrix are Table 1 Cycle-6 conditions based on the combination of circulant matrices applied for the construction of parity check matrix ðHÞ. unique, checksums of two message bits do not have more than one parity bit in common.
Row of H

Shape of combination
Considering the above-mentioned conditions, for messages with weight 4 ðw in ¼ 4Þ, checksums with the minimum number of parity bits are formed as follows:
þ P 11 ¼ 0;P 7 þ P 12 ¼ 0;P 8 þ P 13 ¼ 0;P 9 þ P 13 ¼ 0;P 9 þ P 14 ¼ 0; P 10 þ P 14 ¼ 0;P 10 þ P 11 ¼ 0;P 11 þ P 15 ¼ 0;P 12 þ P 1 ¼ 0;P 12 þ P 4 ¼ 0;P 13 þ P 15 ¼ 0;P 1 þ P 14 ¼ 0:
These give a codeword with weight 20. Similarly, for messages with weight 3, checksums with minimum number of parity bits will be as follows:
This concludes a codeword with weight 26. Similar analysis can be done for messages with other weights, which return codewords greater than 20 calculated by w in ¼ 4. Table 3 gives the minimum weight of the half rate (200,100) QC-LDPC code on messages with weight no greater than 6. The initial subsets applied for the construction of circulant matrices are S 1 ¼ f0;2g and A 1 ¼ f12g. Other subsets with two elements are obtained using m ¼ 3 and r ¼ 2. Alternatively, for subsets with one element, q ¼ 2 and d ¼ 1 are used. Subset A 4 ¼ f32g is found by exhaustive search so that it guarantees the existence of no cycle-4 and 6 in the structure of H.
Simulation results
The performance of different codes constructed by using parity check matrices proposed in Section 2 is verified for the AWGN channel. Codes are modulated by using Binary Phase Shift Keying (BPSK) and decoded by using Sum Product Algorithm (SPA). Maximum 100 iterations are considered for the iterative decoding. Fig. 3 shows the performance of (2280,1710) and (2850,2280) QC-LDPC codes. Both codes demonstrate high error-correcting capability. At BER ¼ 10 À6 , they are 1.5 dB away from their Shannon limit. The Block Error Rate (BER) performances of . Performance of (260,130) QC-LDPC code and its comparison with (258,131) QC-LDPC code given in Ref. [14] .
these codes are very similar to those of other well known codes with the same rate presented in Ref. [11, 12] . This is mainly evident for (2850, 2280) QC-LDPC code as it has a behaviour similar to that of the (4005, 3204) QC-LDPC code, while it is implemented with a shorter length and its error floor occurs at a lower BER. The performance of newly designed QC-LDPC codes with rates 1 2 and 2 3 is shown in Fig. 4 . The codes demonstrate close performance to those presented in Ref. [13] , while they do not apply a masking technique to form the girth 8 in the structure of their parity check matrix. Moreover, no error floor is observed for BER 10 À5 . Fig. 5 shows performance of (260,130) QC-LDPC code. With similar length and rate, this code has a block error rate performance similar to that of the (258,131) QC-LDPC code in Ref. [14] . However, it provides better bit error rate performance. The improvement is observed to be 0.25 dB at BER ¼ 2Ã10 À8 .
Conclusion and future work
This paper presented a new scheme of QC-LDPC codes with girth eight. These were mainly designed on the basis of proper definition of subsets in which the difference between elements of a subset is unique. In addition, appropriate conditions were considered to ensure that the parity check matrix of the code is free of cycle six. This provided highperformance codes without utilizing a masking technique. The design of codes with higher girth and an optimum length will be carried out in further research.
